We use the covariant spectator theory with an effective quark-antiquark interaction, containing Lorentz scalar, pseudoscalar, and vector contributions, to calculate the masses and vertex functions of, simultaneously, heavy and heavy-light mesons. We perform least-square fits of the model parameters, including the quark masses, to the meson spectrum and systematically study the sensitivity of the parameters with respect to different sets of fitted data. We investigate the influence of the vector confining interaction by using a continuous parameter controlling its weight. We find that vector contributions to the confining interaction between 0 % and about 30 % lead to essentially the same agreement with the data. Similarly, the light quark masses are not very tightly constrained. In all cases, the meson mass spectra calculated with our fitted models agree very well with the experimental data. We also calculate the mesons wave functions in a partial wave representation and show how they are related to the meson vertex functions in covariant form.
I. INTRODUCTION
A complete and detailed explanation of the meson spectrum from QCD is still lacking. Fortunately, with the strong activity at various experimental facilities (LHCb, BABAR, BES, Belle), and even more high-accuracy experiments scheduled to come online in the near future (GlueX, SuperKEKB, PANDA), a steadily increasing wealth of data on known and newly discovered meson states is now available, and should help us to improve our understanding of these systems.
On the theoretical side, QCD calculations on the lattice are speedily progressing with respect to managing finite volume effects and decreasing pion mass (e.g. [1] [2] [3] [4] [5] , and references therein). For comprehensive reviews on the subject see [6, 7] .
In parallel to lattice calculations, a variety of nonperturbative continuum approaches have provided important information on the inner workings of mesons. They include nonrelativistic effective field theories for heavy quarkonia [8, 9] , the Dyson-Schwinger-BetheSalpeter (DS-BS) framework [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , which takes dynamical momentum-dependent quark masses into account and is successful in particular in light quark systems, covariant two-body Dirac equations [28] , twofermion calculations in relativistic quantum mechanics [29] , and the basis light-front quantization approach [30, 31] with an effective confining Hamiltonian from light-front holographic QCD, which was applied in studies of heavy quarkonia.
Our work uses the Covariant Spectator Theory (CST) * sofia.leitao@tecnico.ulisboa.pt † stadler@uevora.pt ‡ teresa.pena@tecnico.ulisboa.pt § elmar.biernat@tecnico.ulisboa.pt [32] [33] [34] [35] [36] [37] . This framework belongs to a class of threedimensional "quasi-potential" equations which are derived from the Bethe-Salpeter equation (BSE) by placing constraints on the relative-energy component of a twoparticle system.
The CST framework has attractive features that are worth enumerating here: (i) It is manifestly covariant, which allows an exact calculation of boosts of twoparticle amplitudes. (ii) It possesses the correct onebody limit, i.e., it turns into an effective one-body Dirac or Klein-Gordon equation when one of the two constituent particles becomes infinitely heavy. (iii) It has a smooth nonrelativistic limit, in which it reduces to the Schrödinger equation. (iv) It defines "relativistic wave functions" which become proper nonrelativistic wave functions in the nonrelativistic limit. One can identify wave function components of purely relativistic origin and get a direct, intuitive picture of the importance of relativity in different systems. (v) It implements dynamical chiral symmetry breaking, satisfying the axialvector Ward-Takahashi identity. This key feature was absent from previous calculations of quarkantiquark bound states with other 3D reductions of the BS equation [38] [39] [40] , as well as from the well-known "relativized" calculations with Cornell-type potentials [41] . The implementation of chiral symmetry constraints in CST calculations through a Nambu-Jona-Lasinio mechanism was introduced in [34, 35, 42] , and extended more recently in [37, 43] . (vi) The CST two-quark kernel, determined in the two-body bound-state problem, can later be included consistently in Faddeev-type three-quark calculations of baryons by boosting two-quark rest-frame amplitudes appropriately. Although genuine three-body calculations for baryons in CST have not yet been carried out, the same principle applies to two-and three-nucleon systems where CST has been used extensively and with remarkable success [44] [45] [46] .
CST is, in some aspects, close to the DS-BS approach, in the sense that both aim at a unified, self-consistent quantum-field-theoretical description of hadrons. But there are also significant differences: DS-BS is formulated in Euclidean space, whereas CST works in Minkowski space. DS-BS implements confinement through the absence of real mass poles of the quark propagators, whereas in CST confinement is the consequence of a confining interaction kernel.
Heavy and heavy-light mesons are very suitable systems to test different mechanisms of confinement, and to possibly determine its Lorentz structure. A confining interaction increases in strength with the distance between quarks, and in higher excited states it should therefore become more important than the short-range one-gluon-exchange (OGE) interaction. The vector meson bottomonium spectrum is particularly interesting in this regard because of the exceptionally high number of excited states below the open-flavor threshold that have already been measured. So far, lattice QCD and DS-BS calculations are having difficulties describing higher excited states [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] .
In [57] , we reported on first results of CST calculations of the heavy and heavy-light meson spectrum. We found that a remarkably good description of the masses of mesons with at least one charm or bottom quark can be obtained with a simple covariant interaction kernel, which was chosen to reduce to a Cornell-type potential in the nonrelativistic limit. Only the three strength parameters for a (Lorentz scalar and pseudoscalar) linear confinement, a OGE, and a constant interaction were adjusted in the fits to the data, whereas quark masses and a Pauli-Villars regularization mass were fixed ad-hoc at reasonable values. What is particularly interesting about the results is that we performed global least-square fits, such that the three parameters are the same in all sectors when we calculate the whole spectrum, ranging from the D mesons with masses below 2 GeV up to bottomonium with masses above 10 GeV.
In this work we go beyond [57] in several aspects. In addition to the previously used scalar+pseudoscalar Lorentz structure, we introduce a vector interaction, whose relative weight can be altered through a continuous mixing parameter y. This is done in a way that in the nonrelativistic limit always the same linear potential is obtained. By letting the parameter y be determined through a fit, we can investigate to what extent the mass spectrum of heavy and heavy-light mesons constrains the Lorentz structure of the confining interaction.
We also devised a numerical method that makes it feasible to treat the quark masses as adjustable fit parameters. Not only is it interesting to find out how much these masses are constrained by the data, but also how much improvement one can obtain in the quality of the fits when more adjustable parameters are introduced.
Another interesting question is how sensitive the results are with respect to the selection of the used experimental data. In [57] we found that fits to a small number of pseudoscalar states alone already yield a model that predicts all other considered mesons with J ≤ 1 with almost the same accuracy as more general fits, indicating that the covariance of the kernel correctly determines the spin-dependence of the interaction. The CST wave functions are then analyzed in detail. This provides a means to determine its spin and orbital angular momentum content, which is very useful for the identification of each calculated state. We also examine the wave functions of excited states in dependence of the excitation level, and the size of wave function components of relativistic origin with different quark masses.
In addition to these numerical results, we also present details of the formalism, in particular the form of the CST equations for the general case of unequal masses, the reduction of the one-channel CST equation to partialwave form, and the relation between the radial wave functions and the covariant form of the corresponding meson vertex function. This paper is organized as follows: in Sec. II we derive the CST equations and two of its approximations, one of which is then used in the numerical calculations presented and discussed in Sec. III. In Sec. IV we summarize and present our conclusions.
II. FORMALISM
A. The four-channel CST equation
The four-channel CST equation for bound-states of equal mass quarks and antiquarks has been introduced in Refs. [35, 37] . In this work we are interested in cases with unequal masses as well, so we have to generalize the CST equation accordingly.
The CST equation can be derived from the BSE for the vertex function Γ BS (also shown graphically in Fig. 1 ),
where S i (k i ) is the dressed propagator of quark i (with an imaginary factor (−i) removed), P = p 1 − p 2 the total four-momentum, and p = The kernel is of the form
where Θ K 1 and Θ K 2 are Dirac matrices, whose type is labeled K, associated with the vertices involving quark 1 or 2, respectively. We use Θ is not explicitly shown when we refer to Θ K i in general). The V K (p, k; P ) are covariant scalar functions describing the corresponding momentum dependence. However, the explicit dependence of the kernel V and the functions V K on the total momentum P will be suppressed from here on. The color SU(3) generators, in terms of the Gell-Mann matrices, are F a = 1 2 λ a . All calculations of this paper are performed for color singlet states, for which the color factor becomes
Note that the multiplication with the kernel in (1) is an abbreviation that should be interpreted as
In this work we do not calculate the quark selfenergies and dynamical masses, but assume constant quark masses m i instead. The propagators are then
The CST equation is obtained by performing the integration over the energy component of the loop fourmomentum, but keeping only the contributions from the poles of the quark propagators. The rationale for discarding the poles in the kernel is mainly that the residues of ladder and crossed-ladder diagrams tend to cancel, in all orders of the coupling constant, in particular when one of the two quark masses becomes large [32, 33, 36] . Details about how this integration is evaluated are given in [37] . The only difference to [37] is that here we have to keep S 1 and S 2 distinct because of the difference in the quark masses.
In the following we work in the rest frame of the meson, where P = (µ, 0), and the quark three-momenta and the relative three-momentum are equal,
of a quark on its positive-or negative-energy mass shell, and the corresponding positive-or negativeenergy projector Λ i (k
Closing the k 0 integration contour in the lower half plane and keeping only the residues from the quark prop- agator poles yields
whereas closing it in the upper half plane gives
where we have introduced the convenient shorthand
for the covariant integration measure. Γ lower (p 1 , p 2 ) and Γ upper (p 1 , p 2 ) are not necessarily equal, because only the residues of the quark propagator poles were taken into account. The CST vertex function is defined as the symmetric combination
In the equal-mass case, the charge-conjugation symmetry of the BSE is preserved when this symmetrized combination of lower and upper half-plane contour integration is used [35, 37] . Before writing the equation for the CST vertex function (8) , it is convenient to simplify our notation by expressing the negative-energy on-shell momentak − i in (6) in terms of the positive-energy on-shell momentak tion is
It determines an (approximate) BS vertex function, where both quark momenta, p 1 and p 2 , are off-shell, in terms of four CST vertex functions, which always have one quark momentum on mass shell. A diagrammatic representation of Eq. (9) is given in Fig. 2 . These CST vertex functions can be calculated, once (9) is converted into a closed set of equations. To do so, one writes (9) for four combinations of external quark momenta, where in each case either quark 1 or 2 is on its positive or negative energy mass shell. We introduce the shorthand
for the CST vertex functions, where ρ = ±. The corresponding four external relative momenta that appear as arguments of the kernel are p → {p 1 −P/2,p 2 + P/2, −p 1 − P/2, −p 2 + P/2}, withp i = (E ip , p), and we define abbreviations for the kernel matrix elements
The same notation is adopted for the corresponding functions V K (p, k) that are part of the respective kernels. Using (10) and (11) in (9) leads to a system of four coupled equations, which we refer to as the "four-channel CST equations" (4CSE),
where i = 1, 2, and ρ = ±. The set of equations (12), also shown graphically in Fig. 3 , is the most general CST bound-state equation valid for quark-antiquark systems with unequal quark masses m 1 = m 2 , such as the heavylight mesons that are the subject of this work. Our interaction kernel is chosen to be of the form
where V L (p, k) is a covariant generalization of a linear confining potential, V OGE (p, k) is the short-range one-gluon-exchange interaction (in Feynman gauge), and V C (p, k) a covariant form of a constant potential. The OGE and constant kernels are Lorentz-vector interactions. The Lorentz structure of the linear confining kernel in (13) is a mixture of an equal-weight sum of scalar and pseudoscalar coupling on one hand, and vector coupling on the other hand. Our particular scalar+pseudoscalar combination ensures that the requirements of chiral symmetry are satisfied [43] . The parameter y allows us to vary the relative weight of these structures continuously, with y = 0 yielding a pure scalar+pseudoscalar coupling, and y = 1 a pure vector coupling. The signs are chosen such that always-for any value of y-the same nonrelativistic limit is obtained, which in coordinate space corresponds to the Cornell-type potential V (r) = σr − α s /r − C.
For a better understanding of the nature of confinement, it is of great importance to establish the Lorentz structure of the confining interaction. In principle one can do that by treating y as a free parameter that should be determined by fitting the experimental data. In Sec. III we discuss in some detail to what extend this approach works in practice.
B. Four-and two-channel equations for CST wave functions
To bring the 4CSE (12) into a form more suitable for numerical solution, we begin by calculating matrix elements between ρ-spinors, which amounts to a separation into positive-and negative-energy channels. Our ρ-spinors are defined as
where u and v are the Dirac spinors in the convention of Bjorken and Drell, which are given explicitly in Eqs. (A5) and (A6), and λ is the helicity of quark i. We can express the projectors and propagators in (12) in terms of these ρ-spinors as
and
respectively.
Multiplying in (12) Γ 1ρ1 from the left byū 
where the notation for the functions V K iρ,jη (p, k) follows the convention of Eq. (11) . Note that repeated indices are not automatically summed over. Now we define CST wave functions,
and the spinor matrix elements of the vertices,
The 4CSE for the CST wave functions is then
where we have introduced the shorthand
To avoid potential confusion we should point out that the number of "channels", e.g. the 4 in 4CSE, refers to the number of different vertex functions Γ iρ coupled in Eq. (12), not to the total number of different ρ-spin components of the wave function, which is 8 in the case of Eq. (20) .
Equation (20) should be used when both positiveenergy poles of the quark propagators contribute at a comparable level to the k 0 loop integration and the system is symmetric under charge conjugation. The most important example of this case is the pion. When the total bound state mass µ is not small compared to the masses of its constituents, one pole dominates (by convention the one of particle 1), and leaving the second one out becomes a good approximation. The 4CSE (12) reduces then to the two-channel Covariant Spectator Equation (2CSE)
which couples Γ 1+ with its charge-conjugation counterpart Γ 2− . A graphical representation of this set of equations is indicated by the dashed rectangle in Fig. 3 . The corresponding 2CSE for the CST wave function is
charge conjugation is not a symmetry of the system. We arrive at the one-channel Covariant Spectator Equation (1CSE) for the vertex function,
and the corresponding 1CSE for the CST wave function
The 1CSE is shown graphically inside the solid rectangle in Fig. 3 . It is particularly well suited for heavy-light mesons, i.e. quark-antiquark systems with one light and one bottom or charm quark. It should also work well for heavy quarkonia, except that no definite C-parity can be assigned to the solutions because of the missing chargeconjugation symmetry. As we will argue in more detail in Sec. III, in heavy quarkonia this is actually only a minor problem. It turns out that the singularity structure of the kernel matrix element in Eq. (25) is so much simpler than the ones that appear in the 2CSE (23), that we consider the loss of charge-conjugation symmetry a small price to pay for the great advantages it brings with respect to its practical solution. Therefore, in this work we perform all calculations of heavy and heavy-light mesons with the 1CSE.
In the calculations of this paper, the functions V K 1+,1+ (p, k) that describe the momentum dependence of the various pieces of the kernel are
for the linear confining kernel, assumed equal for scalar (K = s), pseudoscalar (K = p), and vector coupling (K = v),
for the one-gluon exchange (in Feynman gauge), and
for the covariant generalization of a constant kernel, the latter two both in vector coupling (K = v). The three constants σ, α s , and C are the adjustable coupling strength parameters of the interaction model. The confining and OGE kernels in (26) and (27) are shown in Pauli-Villars regularized form, which introduces the cutoff parameter Λ. Without regularization, the loop integration in (25) would not converge.
To solve Eq. (25) numerically, we represent the wave functions in a basis of eigenfunctions of the total orbital angular momentum L and total spin S of the quarkantiquark system. Although neither L nor S are conserved quantum numbers, this is useful when we want to compare our results to nonrelativistic approaches which classify their states in terms of L and S. It is also interesting to get a measure of the importance of relativistic effects by quantifying the extent to which partial waves of purely relativistic origin mix with the ones present in nonrelativistic theories.
For this purpose, the wave functions (18) and kernel matrix elements (19) in (20) are written as matrix elements of the two-component helicity spinors χ λ , using the spinor representation defined in Eqs. (A5) and (A6). In the remainder of this section p and k refer to the magnitudes of the three-vectors p and k, and should not be mistaken as four-vectors.
We write the kernel vertex matrix elements as
where N ip = Eip+mi 2mi , and the 2 × 2 matrices M K i depend on the Lorentz structure of the vertex specified by the superscript K. All matrix elements needed for the Lorentz structure of the kernel (13) are listed in Appendix B.
Similarly, the wave functions are written as
wherep is a unit vector in the direction of p, and the index j distinguishes linearly independent matrices K ρ j (p), which we choose such that each term in the sum (30) corresponds to a quark-antiquark eigenstate of L and S. The matrix representation (30) is interpreted as describing quark 2 entering the vertex and quark 1 coming out of it, as shown in Fig. 1 , whereas eigenstates of L and S refer to linear combinations of direct product states describing a quark and an antiquark both leaving the vertex. The latter involve sums over Clebsch-Gordan coefficients and spherical harmonics, which will then appear in the matrices K ρ j (p) when the direct product representation is transformed into the matrix representation. An example of the relation between the two representations can be found in Ref. [58] .
Equation (30) (25), and using the completeness of the χ λ -spinors, the bound state equation takes on the form
with
We can simplify Eq. (31) by using the fact that the kernel V K depends only on the magnitudes of the threevectors p and k and on the angle between them, i.e.,
where p = |p|, k = |k|, and z =p ·k. In general, if f (p, k, z) is a function of this kind, one can determine new functions A
Using this relation in (31), we obtain
Matrices K ρ j (p) belonging to different orbital angular momenta are orthogonal with respect to integration over p, whereas spin singlet and triplet matrices are orthogonal with respect to taking the trace of their product. One can therefore extract an equation for the coefficients of these matrices in (34) , which can be written
This is a linear eigenvalue equation whose eigenvalues µ are the bound state masses, and the corresponding eigenvectors are the radial partial wave functions ψ ρ j (p). It is one of the great advantages of the 1CSE that the integrand in (35) itself does not depend explicitly on µ. Solving this equation yields the ground state and a tower of excited states at once. A dependence of the integrand on µ usually turns the equation into a nonlinear problem, where one has to search for a self-consistent solution for each eigenvalue separately. In the 1CSE this is the case, for instance, when the fixed constituent quark mass of the off-shell quark is replaced by a dynamical mass function, and it is unavoidable in the 2CSE and 4CSE even for fixed quark masses.
We have solved Eq. (35) by expanding the wave functions ψ ρ j (p) in a basis of B-splines. The numerical methods, and in particular the way how a linear confining interaction and its covariant generalization can be treated in momentum space, have been described in some detail in Refs. [42, 59, 60] .
Once the partial wave functions ψ ρ j (p) have been calculated, we can also construct the vertex functions Γ(p 1 , p 2 ). If Γ(p 1 , p 2 ) is written in terms of covariant Lorentz tensors multiplied by functions of invariants G l (p (30) and (18) relate the ψ's with the G's. In many applications, the vertex function in this manifestly covariant form is more useful.
III. NUMERICAL RESULTS
In a recent letter [57] we presented first results of our calculations of the masses of heavy and heavy-light mesons with J = 0 and 1, based on the 1CSE (35) . We performed least square fits of the three kernel parameters σ, α s , and C, while choosing fixed values for the constituent quark masses and an equal-weight scalar and pseudoscalar coupling for the confining interaction (i.e., with y = 0). The Pauli-Villars cutoff parameter was fixed at Λ = 2m 1 (we also used this choice in the new results presented below). We found that the obtained models describe the experimental masses very well, with an rms difference between calculations and data of the order of 30 MeV.
In this work we extend our previous study in several aspects:
(i) The parameter y describing the mixing of scalar/pseudoscalar and vector confining interaction is promoted to an adjustable parameter. One of the most interesting questions we want to investigate is of course whether the meson mass spectrum can determine y or at least yield useful constraints.
(ii) We also treat now the constituent quark masses as adjustable parameters. This may seem a rather straightforward way to improve the fits of [57] . However, it represents a serious complication in the required numerical calculations: the interaction kernel depends linearly on the constants σ, α s , C, and y, and the most time-consuming part of the calculation, namely the loop-momentum integration in (35) needs to be carried out only once. On the other hand, the kernel's dependence on the quark masses is much more complicated. When the quark masses are allowed to vary, this numerical integration over the kernel has to be recalculated every time the combination of masses is changed during the fits.
(iii) In [57] we found that a fit of the coupling constants exclusively to pseudoscalar meson masses gives overall results that are almost as good as when additionally vector and scalar states are also used in the fit. Here we explore how much our results depend on the selection of the fitted data set in the new, more general fits.
(iv) Although they are not observables, it is useful to have a closer look at the relativistic "wave functions". They provide a means to identify the quantum numbers of the corresponding bound states. In the case of heavy mesons, we expect the dominant component to closely resemble a corresponding nonrelativistic wave function. The weight of the wave function components of relativistic origin should increase with decreasing quark mass. Their sensitivity to changes in the model parameters will be explored as well.
A. Interaction models and mass spectra
We calculated the pseudoscalar, scalar, vector, and axialvector meson states that contain at least one heavy (bottom or charm) quark, and whose mass falls below the corresponding open-flavor threshold. As exceptions, a few states located slightly above threshold but with very small widths are considered as well. We restrict our analysis to mesons with J P = 0 ± , 1 ± , representing already the vast majority of the experimental states.
There are two different ways how we quantify the relation between the masses µ i ({α k (M )}), calculated from a theoretical model M specified through a set of parameters {α k (M )}, and a certain set S of experimental masses µ exp i (S) with N S elements. When S is the set of data used in the least square fit of the model parameters, then the
List of the mesonic states and experimental measured masses used throughout this work. A bullet point in one of the columns labeled S1, S2, and S3 indicates that the meson state is included in the respective data set used in various fits. The masses of B ±,0 , D ±,0 , B1(5721) +,0 , and D1(2420) ±,0 are averages of the charged and uncharged states. The masses of Υ(1D) and η b (3S) are estimates taken from Ref. [61] . There is weak evidence (at 1.8σ) that Υ(1D) has been seen [62, 63] .
rms difference
is the quantity that is being minimized, and its value is therefore a measure of the quality of the fit.
On the other hand, we also want to be able to evaluate the ability of a given model to predict states it was not Fig. 4 . N is the number of states in the data set used in fitting the model. δrms indicates the minimized root mean square difference with respect to the data set used in the fit, and ∆rms is the root mean square difference with respect to data set S3, including both fitted and predicted states. The values in boldface were held fixed.
Masses of heavy-light and heavy mesons with J P = 0 ± and 1 ± . The points depicted by the symbols , , and represent the 1CSE results calculated with the models with matching symbols of Table II. Solid horizontal lines are the measured meson masses [64] . The two dashed levels are estimates taken from Ref. [61] . There is weak evidence (at 1.8σ) that the Υ(1D) has been seen [62, 63] . All models predict a so far unobserved Υ(2D) between Υ(3S) and Υ(4S). fitted to. For this purpose we also calculate rms differences with respect to data sets S that are different from the set S a model was fitted to. To distinguish these differences more clearly from the minimized values we use the notation ∆ rms (S ) whenever S = S. Note that it is quite possible that, for particular choices of S and S , one model has a higher δ rms but a smaller ∆ rms than another.
We chose three different sets of data to fit our model parameters to: the set called S1 consists of pseudoscalar meson states only (it is identical to the one used in [57] to fit the model named P1), the set S2 includes pseudoscalar, scalar, and vector states, and the largest set, S3, adds a number of axial vector states to the states contained in S2. A list of these states and their masses is given in Table I .
We constructed several interaction models by fitting to these three data sets while, in some cases, placing constraints on certain parameters. The results of our fits are summarized in Table II . In all cases, the rms difference ∆ rms is given with respect to the data set S3, containing a total of 39 states.
Models M0 S1 and M0 S2 , previously denoted in ref.
[57] by P1 and PSV1 respectively, were fitted with fixed values for the constituent quark masses and mixing parameter y = 0 [57] . They should be compared to the new models M1 S1 and M1 S2 , in which the quark masses and y were allowed to vary freely. We see that the addition of 5 free parameters leads to a lower minimum in δ rms , but the overall rms difference ∆ rms changes by very little (it even increases from M0 S1 to M1 S1 ). Based on the data set S1, the fit finds no improvement in varying y, such that the new minimum is located again at y = 0. This is not the case for data set S2, which prefers a finite value of y of approximately 0.25. At the same time, the quark masses change quite considerably, decreasing by around 200 MeV (more moderately for m b ), which is in part compensated by a similarly smaller constant C. To see that this compensating effect makes sense, remember thatspinor matrix elements of γ µ 1 ⊗ γ µ2 are negative in the dominant channel with ρ = −. Because of the overall minus sign in the definition of V C (p, k), lowering C makes the kernel on the rhs of Eq. (34) smaller, and lowering the quark masses reduces its lhs. The masses of the light quarks tend to go as low as possible in these fits. The final value of 100 MeV is actually the lower limit of the range in which they were allowed to vary.
The bottomonium system is very rich in measured excited states. This poses a bit of a challenge for our calculations, because describing higher excited states accurately requires a larger number of spline functions. In particular, the Υ(4S) appears in our calculations as the 5th excited state in the vector bb system, but increasing the number of basis spline functions accordingly would be too time-consuming to perform our 8-parameter fits. To test whether the M1 S2 fit might have been distorted by trying to reproduce the Υ(4S) mass with insufficient numerical accuracy, we performed another fit where this state was omitted from the fitted data set. To distinguish from the previous one we denote it by S2 . However, the resulting model, M1 S2 , turned out very similar to M1 S2 , and produces the same value of ∆ rms .
Finally, we fitted two more models to our largest data set, S3, which adds axial vector mesons to the set S2. The parameters σ and α s of M1 S3 are quite similar to those of M1 S2 , but the quark masses are all higher, which is again accompanied by an increase of the constant C. The mixing parameter turns out a bit smaller, at y = 0.20. To see how sensitive the fit is to the precise value of y, we repeat the calculation with the same data set, but with the restriction y = 0. The coupling strength parameters of this model, M0 S3 , are almost unchanged compared to M1 S3 , only the quark masses (and C) increase. It is reassuring that, in both cases, the light quark masses have moved back into a more realistic region, around 300 MeV.
The overall quality of these fits is slightly better than the one of all previous models. We consider M1 S3 , with ∆ rms = 0.030 GeV, our best model. But the fact that for M0 S3 the rms difference ∆ rms = 0.031 GeV is only marginally larger is a strong indication that the parameter y is not significantly constrained by the heavy and heavy-light meson spectrum, at least not by the states in the data sets we used. We will study this point in more detail in the next section. Figure 4 compares the meson masses calculated with models M1 S1 , M1 S2 , M1 S3 , and M0 S3 , with the experimental data [64] . The overall agreement is very good in all cases. It is remarkable that model M1 S1 , whose parameters were determined by fits to pseudoscalar states only, yields results of almost the same quality as the other models. As we discussed in [57] , this implies that requiring the kernel to be of covariant form correctly determines the spin-dependent interactions, which are responsible for the splitting between the different J P (C) channels. It is worth emphasizing that ours are global fits, where the same parameters are used in all sectors of the shown spectrum. This is in contrast to other models frequently found in the literature that adjust their parameters sector by sector in order to achieve a better fit.
As already discussed, the 1CSE is ideally suited for the description of heavy and heavy-light mesons, i.e. when at least one constituent is a charm or bottom quark. However, one drawback of the 1CSE is that it is not symmetric under charge conjugation. Consequently we cannot assign a definite C-parity to our solutions for heavy quarkonia.
This issue becomes relevant only in the case of axial vector mesons, which come in both C-parities. The observed splitting between these C-parity pairs is very small, about 5 MeV in bottomonium and 14 MeV in charmonium, and the C = + state is always the one lower in mass. Our solutions of the 1CSE yield also closely spaced pairs in the J P = 1 + channel. The problem is that, when performing a fit, we need to know which calculated state should be compared to which experimental one. It is quite possible that, when regions in the parameter space far from the final minimum are probed, the ordering of states in the calculated spectrum is not equal to the experimental one, which could lead to incorrect identifications and potentially drag the fit away from the true minimum.
In practice there are mitigating circumstances that essentially eliminate this problem. The first is that heavy quarkonia are close to the nonrelativistic limit, especially bottomonium. Relativistically, both spin singlet (S = 0) and spin triplet (S = 1) configurations may contribute to a state of definite C parity and orbital angular momen-tum L. This is different from the nonrelativistic limit, where the relation C = (−) L+S holds, implying that either one or the other of the two spin states goes to zero for a given C parity. For instance, if L = 1, S = 0 does not contribute to the C = + state, and S = 1 does not contribute to the C = − state in the nonrelativistic limit.
The CST equations have a smooth nonrelativistic limit, therefore the axialvector quarkonium wave functions should be dominated by P -wave components with either S = 1 or S = 0, while S and D waves should be very small. This is indeed what we find, such that by determining whether a state has a dominant spin triplet or singlet wave function we can decide which experimental state it should be compared to.
The second aspect is that the mass splitting between the C = + and C = − pairs is very small indeed, actually even smaller than the numerical accuracy we estimate our numerical solutions to have. This means that even if calculated and experimental states were occasionally paired incorrectly, it would hardly have a significant influence on the fits.
B. CST wave functions
In this section we present the CST wave functions for a selection of mesons. They will be used in the future to calculate electroweak form factors and decay rates, as well as hadronic decay properties. They are also fundamental ingredients in calculations of many other hadronic reactions that involve the formation of these mesons. It is therefore of great importance to understand their structure in detail. All wave functions displayed here were calculated with model M1 S3 , and are normalized according to (A18), (A23), (A28), and (A33). Figure 5 shows the ground-state wave functions of bottomonium in the four channels J P = 0 ± , 1 ± . The pseudoscalar and vector mesons are almost pure S waves, and the scalar and axial vector mesons are almost pure P waves. The weight of the components of relativistic origin is so small that their wave functions are difficult to distinguish from zero in the plots. Because of the large mass of the b quark the bottomonium behaves essentially nonrelativistically.
One can then expect that the relativistic components are more pronounced in systems with lighter quarks. Figure 6 shows the wave functions analogous to the ones in Fig. 5 for the lightest cq mesons (q stands collectively for a light u or d quark, with m u = m d = m q ). As expected, the relativistic components are already quite significant, and a nonrelativistic description is no longer adequate.
Comparing Figs. 5 and 6 one can also see that the momentum-space wave functions of bottomonium are much more spread out, which means that in configuration space they are more compact than the heavy-light cq mesons. ground state is dominated not by one, but by a mixture of two P waves, a spin triplet and a spin singlet. The role of these two P waves is interchanged in the first excited state (not shown in the figure) . As already discussed in the previous section, in a relativistic description both spin triplets and singlets can contribute to either Cparity eigenstate. However, the plot in Fig. 5(d) may give an exaggerated impression of the weight of the singlet Pwave: its contribution to the total norm is actually only about 7 %. Nevertheless, the fact that in the almost nonrelativistic χ b1 (1P ) the singlet component is not smaller is probably in part due to the lack of charge conjugation symmetry of the 1CSE. We can speculate that this singlet wave function will be more suppressed when a charge-conjugation symmetric two-or four-channel CST equation is solved. In addition, the presence of a pseudoscalar confining kernel also enhances its weight. When it is turned off, the norm integral of the singlet P -wave is reduced by roughly one half. The vector meson spectrum of bottomonium is particularly interesting because of the large number of excited states below or slightly above threshold that have been measured. In Fig. 7 we show the wave functions of the first six vector states of bottomonium. According to the figure, the first two states are mostly S waves, followed by alternating D and S states. The Υ(1D) is listed in [64] as a 2 ++ state, but there is some evidence that 1 −− was also possibly seen. There is, however, no experimental evidence yet for the predicted Υ(2D). The figure shows that there is a small mixture of 2S in our Υ(1D), and a small 3S component is present in the Υ(2D). Apart from the increasing number of nodes, one can also clearly see that the wave functions are the more concentrated at lower momenta the higher excited a state is, which means that they are increasingly spread out in configuration space.
Whereas the structure of the ground state is determined mostly by the OGE interaction, the higher excited states should be more sensitive to the confining interaction. We have already seen in the previous section that the masses of these states can be well described by our models. To test the importance of the confining interaction for the description of the bottomonium excitation spectrum, we performed fits using the OGE and constant kernels only. The quality of these fits turned out significantly worse, with rms differences above 100 MeV, compared to about 30 MeV when the complete kernel is used. Moreover, the sequence of S-and D-wave dominated states is altered in the bottomonium vector meson spectrum: the Υ(2D) and Υ(4S) swap places. This finding suggests that, once the Υ(2D) is observed, finding its mass below or above the mass of Υ(4S) can tell us whether a linear confining interaction is indeed needed or not.
C. Constraints on fit parameters
Our model fits of Tab. II show some variation in the values of the best-fit parameters, depending on which data set the model is fitted to. In this section we want to investigate this sensitivity in more detail and determine 
Variation of δrms in a series of fits where the parameter y has been held fixed while all other parameters were fitted. The solid line shows the result of fits to data set S1 of Tab. I, the dashed and dotted lines refer to data sets S2 and S3, respectively. The symbols , , , and indicate the results of models M1S1, M1 S2 , M1S3, and M0S3 of Tab. II.
how well some of the parameters are actually constrained.
We begin with the parameter y that determines the mixing between the scalar+pseudoscalar and vector confining interaction. We perform a series of fits, where in each case y is held fixed at a different value while all other parameters are allowed to vary. We restrict y to lie in the interval between 0 and 0.45. For higher values, the equation becomes unstable and no physical solutions can be found-a well-known phenomenon that was observed with many different relativistic equations [59, 65] . Figure 8 shows the obtained minima of δ rms as a function of y, using three different data sets. As already discussed in Sec. III A, the data set with exclusively pseudoscalar mesons prefers y = 0, whereas optimum values of y between 0.20 and 0.27 are obtained when more data are included. However, Fig. 8 also shows that, except for the smallest data set, the minima are very shallow. In fact, when using data set S3, no particular value of y seems to be clearly favored over any other. Instead of accepting the value y = 0.20 of the fit M1 S3 , we could choose arbitrarily another value without deteriorating the fit significantly. Figure 9 shows how the constituent quark masses adjust when y is changed, and Fig. 10 displays the corresponding variations of the couplings strengths parameters σ, α s , and C. For the larger data sets, a trend is visible that connects smaller y with somewhat higher masses, whereas the variations in the coupling strength parameters are rather mild. Overall, the heavy quark masses stay within a range of the size of about 50 MeV, while the lighter quark masses vary by around 100 MeV. But the midpoint of that range depends also on the data set of the model fit.
We can summarize that the fits to the heavy and heavy-light mass spectra alone do not lead to a clear conclusion whether the confining interaction is of pure Lorentz scalar+pseudoscalar nature or if it includes a Lorentz vector component as well.
IV. SUMMARY AND CONCLUSIONS
In this work, we apply the Covariant Spectator Theory (CST) to describe mesons as relativistic quark-antiquark bound states. We briefly review how the most general CST equations, the four-channel spectator equation (4CSE) can be derived from the Bethe-Salpeter equation, and how the two-and one-channel approximations (2CSE and 1CSE) are obtained and motivated. These are momentum-space integral equations, formulated in Minkowski space, that can be cast into the form of eigenvalue problems where the eigenvalues yield the boundstate mass spectrum and the eigenvectors are the corresponding relativistic wave functions. Our numerical method to solve these equations uses a partial-wave expansion. We provide explicit expressions that relate our partial wave solutions to a manifestly covariant representation of the corresponding meson vertex functions. This is very practical when the vertex functions are used in the calculation of elastic or transition meson form factors, decay properties, or other reactions involving mesons.
Heavy and heavy-light mesons are bound states in which one constituent is either a charm or bottom quark, whereas the second can be either light or heavy. The 1CSE is ideally suited to describe these systems, and it is also simple enough to let us use least-square fits to determine the optimal parameters of our models.
We have applied the 1CSE to construct models of the quark-antiquark interaction with a kernel containing a covariant generalization of a linear confining potential, a one-gluon exchange (OGE) and a "covariantized" constant interaction. The confining kernel has a mixed Lorentz structure, namely an equal-weight scalar and pseudoscalar part on one hand, and a vector part on the other. The particular combination of scalar and pseudoscalar interactions satisfies the requirements of chiral symmetry [43] . Its weight relative to the Lorentz vector interaction is controlled by an adjustable mixing parameter, y. The OGE and constant kernels are pure vector interactions.
In previous work [57] , we have fitted only the three coupling strength parameters to the spectrum of heavy and heavy-light mesons with J P = 0 ± and 1 ± , while the constituent quark masses were held fixed and the mixing parameter was set to y = 0, corresponding to a scalar+pseudoscalar Lorentz structure without vector contribution. Here we extend this work by letting y and all quark masses be determined by the fit, the latter representing a significant complication of the numerical calculations.
We find several models that reproduce the mass spectrum of heavy and heavy-light mesons with very good accuracy, as measured by the rms difference between calculated and experimental masses. It is important to emphasize that we perform global fits, i.e., our model parameters are the same for all mesons, not varied sector by sector.
When we fit to pseudoscalar states only, y = 0 is obtained as the best value, and all other meson masses are remarkably well predicted. But when the fit is based on a more extended data set that includes pseudoscalar, scalar, and vector mesons (and axial vector mesons in the most complete cases), a 20%-25% contribution of vector coupling is preferred. However, we found that the minima of the corresponding rms differences as functions of y are very shallow, such that a model with y = 0 is not significantly worse than one with the best fit value. The same can be said about the dependence of the models on the quark masses. When the light quark masses (m u = m d and m s ) are varied within an interval of about 100 MeV, and the heavy quark masses (m c and m b ) within an interval of about 50 MeV, no particular values yield clearly better fits than others. Our main conclusion from these calculations is that the Lorentz structure of the confining interaction cannot be determined very well through the heavy and heavylight meson mass spectrum alone, because the mixing parameter y is not sufficiently constrained by these data. Nevertheless, other physical observables of these mesons are likely to be more sensitive to y, for instance the decay constants, which probe details of their wave functions [66] . Similar considerations apply to the constituent quark masses, where we find that relatively large variations are compatible with the experimental spectrum.
We also show radial wave functions for a selection of meson states. Examining wave functions is useful to identify the quantum numbers of calculated states. Relativistic wave functions contain also partial wave components which are forbidden in a nonrelativistic framework. The norm integral of these components of purely relativistic origin can be interpreted as a measure of the importance of relativity in the description of a quark-antiquark system. As expected, we find that the weight of these partial waves is very small in heavy quarkonia, and increases when quark masses become smaller, reaching about 9% in the case of the cq system. For higher excited states the momentum-space wave functions concentrate at smaller momenta, which reflects spatially more extended systems. The accurate descrip-tion of highly excited states requires considerable care with the applied numerical methods. The fact that not only the meson mass spectrum is well reproduced, but also the shapes of our wave functions for the excited states look reasonable and change as one would expect, is a good indication that our numerical methods to solve the 1CSE are working reliably.
The work reported in this paper completes successfully the first stage of our larger project of constructing a self-consistent unifying framework for all mesons with a quark-antiquark structure. Already at this stage, using the one-channel CST equation, we obtain a remarkably good description of both heavy and heavy-light sectors simultaneously. The obtained wave functions can now be used as ingredients in the calculation of a wide variety of hadronic processes and experimentally observable quantities, for instance bottomonium, charmonium, and heavylight meson decay constants, charmonium electroweak elastic and transition form factors, such as J/ψ → η c γ * , J/ψ → χ c0 γ, χ c1 → J/ψ γ and h c → η c γ.
For vector and axialvector mesons, the covariant vertex functionsΓ M µ (p 1 , p 2 ) can be written in the general form
respectively. Massive spin-1 particles are transverse, satisfying P µ ξ µ (λ, P ) = 0, where ξ µ ≡ ξ µ (λ, P ) are the spin-1 polarization four-vectors with λ = 0, ±1. 
CST wave functions and the partial-wave tensor basis
We use the standard representation for the Dirac matrices and four-spinors u ρ i (in the convention of BjorkenDrell) given by
where i = 1 or 2 denotes the outgoing or incoming quark, respectively, χ λ are the two-component spinors,
. For the CST vertex functions, we introduce the shorthand
where quark 1 or quark 2 is on mass shell, respectively, with positive (ρ i = +) or negative (ρ i = −) energy. Inserting the expansions (A1)-(A4) for each type of meson into Eq. (18) gives the results listed in the subsections below. In the calculation of the corresponding spinor matrix elements of the vertex functions, we use the relations ρ 1 p, λ 2 ) . In the following subsections we present, for each meson, the expressions for the 4CSE wave functions in the partial-wave tensor basis. We always work in the meson rest frame where P = (µ, 0).
a. Pseudoscalar mesons
For the extraction of the P and S wave components from the CST wave function for a pseudoscalar meson we have to distinguish between the two cases where the ρ-spins of the incoming and outgoing quarks are the same (ρ 1 = ρ 2 ) or the opposite (ρ 1 = −ρ 2 ). Furthermore, we have to distinguish whether quark 1 or quark 2 is on mass shell. For ρ 1 = ρ 2 , and quark 1 on mass shell, we obtain for the spinor matrix elements of the vertex function, after a short calculation, the expression
where we have introducedp i = p/(E ip + m i ) and the shorthand χ i ≡ χ λi . The analogous expression when quark 2 is on mass shell reads
The CST wave functions, as defined in Eq. (18) and for quark 1 on shell then become
where
. For quark 2 on shell the analogous expression reads
From these expressions one can read off the P -waves ψ 
from which one can read off the S-waves ψ The treatment of the scalar mesons is very similar to the previous one of pseudoscalar mesons. For ρ 2 = ρ 1 , and quark 1 or quark 2 on mass shell the CST wave functions read 
For the 1CSE we identify ψ 
From these expressions we can read off the spin-singlet and spin-triplet P waves ψ 
